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1. Introduction





Afferent arteries supply the circulus arteries with oxygen-rich arterial blood.  The circulus arteries distribute this oxygenated blood to the efferent arteries through the CoW.  Irrespective of pressure variations in the afferent vessels, the circulus vessels allow for a constant supply of blood to the cerebral mass, by vaso-constriction and vaso-dilation of the arterioles in the individual brain territories supplied by the efferent vessels.  Each efferent artery predominantly supplies a particular cerebral volume and there is no redundancy in that supply, although there is some collateral supply across the brain at the level of the arterioles.

Ideal distribution of blood depends largely on the anatomical structure of the CoW being complete and in the same configuration shown in Figure 1.  This configuration is referred to as the ideal configuration.  However, it should be noted that only approximately 20% of dysfunctional brains [3] and 50% of normal brains [4] exhibit an ideal configuration. Many different types of abnormalities have been observed, such as absent vessels, fused vessels, string-like vessels and accessory vessels [5].  While an individual possessing one of these variations may under normal circumstances suffer no ill effects, there are certain clinical conditions, which compounded with effects of an absent or altered vessel, can lead to an ischaemic stroke. 

Modelling is undertaken to provide insight and enable better clinical decisions, by identifying at-risk cerebral arterial geometries and conditions prior to surgery or other clinical procedures.  To be suitable for real-time clinical decisions, the model must be computationally fast. Here, the 1D model is particularly relevant and effective.

Prior research has resulted in a variety of computational solutions. Hillen [6] created a simple model valid solely for the steady state. This model represented the peripheral resistances of the CoW as lumped blocks with a ratio of 6:3:4 for the ACA2, MCA and PCA2 resistances respectively.  This ratio was chosen to inversely approximate the brain masses supplied by the corresponding arteries.  The model has limited clinical application due to its lack of auto-regulation and dynamic response.

Cassot [7] developed a linear model of the CoW.  This model neglected the effects of auto-regulation of the cerebral vascular bed in maintaining optimal efferent flow conditions to the cerebral mass.  Piechnik [8] concluded that this model made unrealistic assumptions of a passive resistor model of the downstream vascular bed, rather than including dynamic auto-regulation, as seen clinically.  Ferrandez et al. [9] created a 2-dimensional model using CFD methods.  This model incorporated auto-regulation by modelling the arterioles downstream of the efferent arteries as porous blocks with variable resistors governed by a PI feedback controller. However, the dynamic resistance model is not accurate because changes are made to the resistance even when the correct reference flow rate has been obtained [10].  Lodi and Ursino [11] model auto-regulation by dynamically controlling the compliance of chambers based on volume changes.  However, the model does not solve for equilibrium between flow and auto-regulation changes.  Hence, it ignores clinically important transient dynamics that this research emphasizes.  Hudetz [12] incorporates auto-regulation with integral (I) control based on pressures and flowrates, similar to the 1D model in this research.  This model also focuses on the long-term steady state response, and therefore does not capture the crucial dynamics as to how that state is achieved after a disturbance. However, it does model some blood flow between cerebral territories via collateral flow at the arteriole level.

This research compares the results from a 1D and a 3D model of the CoW.  Both models capture the dynamics of the auto-regulation phenomenon using a PI feedback controller to modify arteriole resistances from a reference value to maintain optimal flowrates to the cerebral mass.  These variable, state dependent resistors are modelled as porous blocks, per Ferrandez et al. [9].

1.1	Geometry





It is observed that some of the arteries comprising the circle such as the PCoAs and the ACoA are not visible in the scan. As the scan implicitly detects blood flow through the arterial network, there was little or no blood flow through these arteries. These arteries therefore, were artificially placed into the circle at physiologically appropriate locations with the diameters obtained from Hillen [13].  To limit model size and complexity, only the flow through the major efferent arteries labelled in Figure 1 are considered in the present study.  New protocols may however be used in future to show the presence of these vessels [14].

1.2 1D Model Geometry




1.3 3D Model Geometry
The computational domain for the 3D model was created by forming a mesh from the CAD model based on the MRA scan.  The mesh was comprised of a total of approximately 351 000 tetrahedral elements, ranging in size from 1mm near the ICA and BA inlets, to 0.05mm in the ACoA.  The efferent arteries continually branch and decrease in size downstream of the circle to the capillary bed. Because of the inability of the MRA scans to pick up this detail and the computing power it would require to solve the fluid flow equations for the whole arterial bed, attempting to model the entire capillary bed throughout the brain is not currently possible. 









2.1 Dynamic Auto-Regulation for 1D and 3D Models
The auto-regulation process can be described by a relatively simple feedback control system.  The flowrate, Q for each efferent artery, is compared to the reference, or desired, flowrate, Qref, for optimal perfusion, until the error is negligible.  A non-zero error triggers the auto-regulation response modelled by the feedback controller, resulting physiologically in a change in efferent resistance due to vaso-dilation and vaso-constriction at the arterioles. Experimental evidence by Newell et al. [16] shows that the characteristic time scale over which autoregulation occurs is clearly longer than the cardiac cycle.  It is therefore concluded that the regulatory mechanism acts on changes in mean arterial pressure, and as such pulsatile flow is not represented.





where e=(Qref – Q) is the error in the flowrate, and Kp and Ki are proportional and integral feedback control gains respectively.  Feedback control is designed to regulate the flow in an efferent artery, Q, to its optimal or reference value, Qref, and captures the fundamental physiological feedback mechanism in autoregulation.  

Control gains Kp and Ki, are determined from the clinical data of Newell [16] by matching the percentage change and duration of the time-dependent velocity profiles measured using transcranial Doppler (TCD) recordings of the MCA.  Newell [16] performed thigh cuff experiments in which releasing cuff pressure resulted in a 20% drop in blood pressure, where the MCA took approximately 20 seconds to return to normal flow conditions.  These response values are used as a reference to determine control gains.





whereis the time constant of the auto-regulatory response, u(t) is a control input defined by Equation (1),  R is the actual resistance of the efferent artery, and Rref is the resistance of the artery for optimal perfusion for any particular input condition. Note that this Rref value is not initially known, but converges from initial conditions over a series of iterations. It should be noted that our model differs from that of Ferrandez et al. [9], where in their case the dynamics were described by . However the Ferrandez equation would continue to alter the control resistance even though the flow is at the correct level. In contrast the present model provides for this, since when  and , , as expected, which was not the case with the model of Ferrandez et al. [9].

Afferent and circulus arteries are modelled with constant resistances [15], whereas efferent vessels exhibit a time-varying resistance capable of variations between 5% and 195% of the ‘normal’ resistance [16,17,18,19,20].  This variation corresponds to changes in arterial radius of up to ±40%.  Note that a variation of ±95% is an approximation based on observed results from the literature.

The complete CoW is modelled with venous pressures of 15mmHg, and an arterial pressure drop from 100mmHg to 80mmHg in the RICA is used to determine control gains for the efferent arteries per Newell [16], as used in the model of Ferrandez et al. [9].  Due to lack of data for the ACA2 and the PCA2, these arteries are assumed to have a similar, approximately 20 second, response profile.  Hence, the time constant was set at a constant  seconds for all efferent arteries.  However, for the same relative change in blood flow, larger arteries, the MCA’s for example, have a larger flow error compared to smaller arteries, such as the AChA’s. Since the autoregulation algorithm reacts to the magnitude of the flow error, the largest arteries therefore require the smallest gains and the smallest arteries require the largest gains to achieve the same relative response.

2.2 Fluid Dynamics
Due to the relatively small diameters of the blood vessels comprising the CoW and the velocity of blood flowing through them, the Reynolds numbers are approximately 200. As this value is well below the transition to turbulence, laminar flow may be assumed throughout the model. While it is generally accepted that blood is a non-Newtonian fluid, models that incorporate its behaviour, such as the Carreau-Yasuda model or the Casson model [21], predict an infinite shear viscosity that is approached above shear rates of 100s-1. Initial simulations indicated that shear rates throughout the CoW are well above this 100s-1 threshold, so a Newtonian fluid may be assumed. 

2.2.1 1D Fluid Model






The resistance, R, is a function of the artery length, l, artery radius, r, and dynamic viscosity of blood, μ.  





where A is a matrix containing resistances for each arterial element, is a state vector containing flowrates through those arteries and nodal pressures at the end of the arteries such that , and  is a vector containing arterial and venous boundary pressures.  Note that if the afferent pressures in , which drive the system, change dynamically, a time-varying system is created.  

	 	(6)
Equation (6) more accurately represents typical behaviour, as input pressures are not typically constant.  





Equations (1) and (2) are used to model the time varying resistances of Figure 3, and the result is part of  in Equation (7). This model is an improvement on many previous models in that it recognises the non-linearity of the system, and will thus require inner iterations to solve for equilibrium between the time-varying resistances in  and state variable solution at each time-step.  However, the solution is obtained in a far shorter time than with higher dimensional CFD methods, and requires significantly less computational effort, while retaining a high level of accuracy.

2.2.2 3D Fluid Model
Blood flow through the CoW is unsteady, incompressible and viscous. Therefore, with the assumptions of laminar blood flow in the CoW the governing equations, expressed in integral, conservation form, are the continuity equation:

		(8)




where u is the 3D velocity vector, I  is the identity matrix,  , is the shear stress tensor and F represents a momentum source vector, used in the implementation of the autoregulation mechanism. To solve this system of equations the finite volume method was chosen, which is a control volume based technique to convert the governing equations into an algebraic form that can be solved numerically [21].













The boundary conditions for the 3D model were pressure inlets and outlets of 100mmHg and 15mmHg respectively.

2.3 Solution Algorithm
Figure 5 illustrates the solution algorithms for the 1D and 3D models. It is clear that despite using the same equations to model the autoregulation mechanism, the algorithms differ in terms of how the equations are implemented in their discretised form. The major difference is that the 1D model uses the flow error for the current time step as the control input, whereas the 3D model uses the flow error from the previous timestep. 

In using the flow error for the current time step a number of inner iterations need to be performed with the 1D model to ensure equilibrium between the flow solution and the peripheral resistances for every time step. To determine the efferent flowrates at each time-step, the control input for each vessel is calculated using the flowrate obtained from the previous inner iteration solution at that timestep, or the previous timestep in the case of the first inner iteration. Efferent resistances are then recalculated using the control input, thus giving an improved estimate of the resistance value using Equation (2).  This value is then inspected to ensure it is within physiological limitations of ±95% and saturated if it exceeds the limits.  Using the improved resistance values, the flowrates for the current time-step can be recalculated.  This process of obtaining improved resistance values and calculating corresponding flowrates is continued until the resistance and flowrates do not change between iterations, representing convergence. Note that when the efferent flowrate is at its reference value, the control input tends to zero and a steady state response is achieved until the next perturbation of the afferent pressures, as expected.  






2.4 Reference Fluxes and Resistances
The autoregulation mechanism responds to perturbations of the efferent flows from their reference value. To obtain realistic models of the flow, the evaluation of these reference fluxes is critically important. Once the reference fluxes are determined, the reference resistances follow directly, as for each efferent artery its reference resistance, Rref, is defined:

                                                            (13)

where Pv is the venous pressure boundary condition and Pref is the pressure on the upstream side of the porous block once the reference flowrate has been reached. 

Hillen [13] suggested a total influx into the circle of Willis of 12.5 cm3s-1, and a peripheral resistance ratio of 6:3:4 for the ACA, MCA and PCA’s respectively. For the smaller AChA and SCbA arteries, less is known and Hillen [13] did not include these arteries. Therefore, a resistance ratio of 75:75 is defined, which produces similar pressures on the upstream side of the porous blocks as the other major efferent arteries and contributes less than 5% of the total efferent flux.

Evaluation of the steady state reference fluxes requires an iterative procedure that was performed on the 3D model. This process involved altering the permeability of the porous blocks with afferent pressures of 100mmHg and efferent pressures of 15mmHg until a total flux of 12.5 cm3s-1 was achieved with the resistance ratio of 6:3:4:75:75. These reference fluxes were then used in the 1D model. 

However, there is a disagreement in the two models as to the resistances required to produce the reference fluxes, because the 3D model predicts a greater loss in blood pressure travelling through the vessels comprising the circle than the 1D model. As a result, the pressure on the upstream side of the porous block is lower in the 3D model, resulting in a lower reference resistance once the reference flux is obtained. Using the 3D reference resistances in the 1D model results in efferent fluxes greater than the reference.  Hence, to obtain the unique solution set of reference resistances for the 1D model, an iterative procedure was carried out where efferent reference resistances were altered until the 3D efferent fluxes were obtained.  






3. Results and Discussion

The 1D and 3D models were subjected to a 20 mmHg pressure drop in the RICA to observe the transient response for an ideal configuration. A configuration with an absent ipsilateral A1 segment of the ACA was also simulated to compare models for a common pathological condition of CoW geometry. 

3.1 Ideal Configuration



















The 3D model, in contrast, restores the starved anterior ipsilateral arteries by drawing more afferent blood supply through the ipsilateral ICA, which is the ICA with the pressure drop imposed on it.  It appears that despite using the same lengths and diameters for both models to describe the geometry of the CoW, there is a significant difference between the models.  More specifically, the 3D model experiences much larger losses in blood pressure through the communicating arteries than the 1D model, which assumes Poiseuille flow through these arterial segments.  

Possible reasons for this discrepancy arise from the assumptions made for Poiseuille flow, some of which include axi-symmetric flow, implying a straight blood vessel, and also a fully developed velocity profile.  In reality, these assumptions may not hold for smaller circulus vessels such as the ACoA, resulting in an underestimated resistance in the 1D model.

More specifically, it is obvious in the 3D model that the blood vessels of the CoW take complex paths through space. Furthermore, the diameters of a number of these segments comprising the circle are not of constant diameter, as approximated by the 1D model, especially at junctions.  There are also problems with the assumption of a fully developed velocity profile, especially in the ACoA, which is a particularly short vessel where a velocity profile may not fully develop.  

Finally, the assumption of steady flow, from which Poiseuille’s law is derived, must be considered.  Both models attempt to capture time dependent phenomena, and while the time dependent Navier Stokes equations capture time dependent behaviour, Poiseuille flow cannot.  It can therefore be concluded that the discrepancy in circulus flux between the 1D and 3D models is most likely due to the inaccurate assumption of Poiseuille flow which does not account for pressure losses through geometric complexity, particularly in the relatively small vessels such as the ACoA.  Ultimately, the increased pressure loss through the communicating arteries means that when the peripheral resistance of the efferent arteries decreases in response to a decreased efferent flowrate, blood can be drawn through the communicating arteries in the 1D model, but will be drawn through the ipsilateral ICA in the 3D model.

3.2 Ideal Configuration with increased ACoA Resistance to Flow




Increasing the ACoA resistance results in circulus and afferent fluxes in the 1D model that are much closer to those in the 3D model.  Because less flow is able to pass through the ACoA, more flow is required to pass through the ACA1 to supply the ACA2.  Without the increased ACoA resistance, enough flow can pass through to supply not only the ACA2, but also to assist in supplying the ipsilateral MCA and AChA.  This difference is evident in the change in direction of flow in the RACA1 in Figure 10.  In shorter vessels, vessels of variable diameter, and vessels taking indirect paths through space such as the communicating circulus vessels, Poiseuille flow assumptions result in resistance values that underestimate the actual resistance of those vessels to flow. Therefore, increasing the resistance of vessels such as the ACoA more accurately captures typical flow behaviour.  

3.3 Absent ipsilateral ACA1
In a configuration with a missing ipsilateral ACA1, blood must pass through the ACoA to supply the respective efferent ACA2 segment, as it provides the only available route. The 3D model was unable to reach its reference conditions even before a 20 mmHg pressure drop was imposed on the RICA. With the ACA1 absent, all the blood supply to the ACA2 must pass through the ACoA, and the pressure loss through this segment therefore becomes so large that the peripheral resistance of the ipsilateral ACA2 reaches its lower limit well before the reference fluxes can be obtained.  The rest of the efferent arteries for the 3D model reach their reference flux in a short amount of time. Note that in the ideal configuration there is little flux through the ACoA, highlighting the impact of this vessel in a relatively common variation in CoW geometry.










1D and 3D CFD models of the Circle of Willis have been created to study auto-regulation of cerebral blood flow. These models can be used to replicate certain sets of clinical events such as occlusions or stenosis in afferent arteries, and absent circulus vessels. The geometry required to develop the 1D and 3D computational domains was based on a MRA of cerebro-vasculature and artery diameters given by Hillen [6].  The auto-regulation process is described by a PI feedback control system, whereby the efferent flowrate error, indicating non-optimal perfusion, is feedback controlled by vaso-dilation and vaso-constriction of the capillary bed.  Both models are concerned with the transient dynamics for auto-regulation, where equilibrium is found not only before and long after afferent pressure perturbations, but also at every time step in between.

In both models, the RICA was subjected to a 20 mmHg pressure drop to observe the transient responses. The time dependent efferent flux profiles for the ideal configuration were found to exhibit excellent correlation between models.   However, the Poiseuille flow approximation in the 1D model allowed for more flow through the communicating arteries than the 3D model, resulting in different circulus fluxes. To match the 1D model to the 3D model, the resistance of the ACoA was increased by a factor of 9 to correct for non-Poiseuille flow in this arterial segment.  Incorporation of this increased ACoA resistance into the ideal configuration simulation improved agreement of circulus fluxes between models by an average of 60%.  Although the 1D model initially requires validation from the 3D model, once verified, the 1D model obtains solutions in a far shorter time period requiring significantly less computational effort, and thus is a more suitable aid in real-time clinical decision-making.  Overall, although both models use very different solution methods, results have been shown to be very comparable.  

Future work will involve increasing the complexity of the 1D model , especially in the areas of energy losses at the vessel junctions and in providing more physiological parameters modelling the auto-regulatory response. In addition obtaining a greater number of MRA scans from individuals will be used with varying circle configurations and studying a wider variety of pathological conditions.  These future studies will enable further comparison between the 1D and 3D models, as well as comparisons between the results predicted by the models with the observed clinical response to the imposed pathological conditions.  Since control is assumed to be decentralised, a ‘tug of war’ scenario is expected to occur if a sudden occlusion is imposed in an afferent artery, such that efferent flux profiles would fluctuate as a balance is found that best satisfies the independent requirements of the individual territories of the cerebral mass. Hence, it is important that both efferent and circulus fluxes match between models.  Future research will aim to verify this theory.  Additionally, both models will be extended to include more accurate limits on peripheral resistance, in terms of the sensing and smooth muscle contraction mechanisms that bring about vaso-dilation and vaso-constriction of the arterioles in the individual brain territories supplied by the efferent arteries of the CoW. 
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Table 1: Reference Flowrates and Resistances used in CFD Simulations

Artery	Reference Flux cm3s-1	Reference Resistance 1D x1011 Ncms-5	Reference Resistance 3D x1011 Ncms-5
Anterior Cerebral Artery	1.277	8.428	7.37
Middle Cerebral Artery	2.798	3.942	3.66
Posterior Cerebral Artery	1.993	5.458	4.89
Anterior Choroidal Artery	0.090	106.123	92.73
Superior Cerebellar Artery	0.092	105.120	95.64
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